The magnitude and properties of longitudinal vascular tethering were studied in the thoracic aorta, abdominal aorta, and femoral artery of 23 dogs. The tethering was found to consist of a dominant viscoelastic restraining element that demonstrated a moderate degree of stress relaxation and a significant inertial component that was related to the mass of the vessel and its surrounding tissues (the "added mass"). Static and dynamic studies of these properties showed them to be surprisingly linear. The simplest linear model that could simulate these experimental data consisted of two elastic components, two frictional components and a lumped inertial component. Within the physiologic range of frequencies (1 to 20 cycles/sec), the two elastic components became dynamically coupled so that they appeared to act as a single spring, the stiffness of which could be characterized by a "dynamic spring constant." The mean value of the dynamic spring constant was 12 g/cm 3 for the thoracic aorta; it increased along the aorta toward the femoral artery to almost 70 times that value. Contrary to the simple tethering model assumed by Womersley, these data showed that the mechanical behavior of the system is strongly influenced by frictional components.
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• The term "vascular tethering" was introduced by Womersley in 1957 ( 1 , 2 ) to specify the mechanical effects of any perivascular tissues which restrain the longitudinal motion or displacement of a particular blood vessel segment. The nature and degree of tethering are of considerable importance in the study of vascular mechanics since it strongly influences the dynamic behavior of a vessel segment. For instance, tethering can strongly influence the relationship between the pressure gradient and its associated flow. Moreover, in vivo estimates of the viscoelastic behavior of the arterial wall become virtually uninterpretable without precise knowledge of the amount of tethering. For example, in an untethered purely elastic segment, the diameter of the vessel will lead the underlying distending pressure in time, during a cardiac cycle (3) . This would suggest that the vessel wall is actively pumping From the Section on Clinical Biophysics, Cardiology Branch, National Heart Institute, Bethescla, Maryland.
Accepted for publication October 24, 1966. blood rather than being the simple passive element which, in fact, it is. The foregoing inferences from Womersley's theory have never been explored experimentally. Moreover, neither the nature nor the degree of tethering has ever been quantified in any blood vessel. Progress in circulatory dynamics depends on establishing a realistic picture of system properties such as these. It is the purpose of this report to define and quantify tethering in the major arteries of dogs. Since the average reader will be unfamiliar with some of the concepts involved, this presentation will begin with a preliminary discussion defining the necessary concepts and then turn to a description of the experimental results and their significance.
Definition and Significance of "Tethering". The solution of problems in fluid mechanics requires not only equations to describe the motions of the fluid but also equations to describe the behavior of the boundaries of the fluid. These are called boundary equations. If the boundaries move, these equations may be considered the equations of motion for the boundary. In the case of the circulatory system, where axial symmetry is assumed, the equations of motion for the vascular wall may be resolved into two equations, one describing events in the radial direction and the other in the longitudinal direction. The notion of tethering came into existence when Womersley considered this latter boundary equation. We shall develop the rudiments of this longitudinal boundary equation in sufficient detail to illustrate the physical properties of tethering more specifically.
The starting point in the analysis of any mechanical system is to diagram the structure of interest, define all of the forces acting in the system and indicate that the sum of these must be zero (Newton's third law). We shall consider a small element of a thin-walled, uniform blood vessel wall as shown schematically in Figure 1 , and define only those forces acting in the longitudinal direction, since it is the longitudinal boundary equation that is of interest in the present study. Thus, considering events only in the longitudinal direction, the inertial reactive forces on the system must equal the sum of all externally applied forces. If we neglect body forces such as gravity, these external forces are all surface forces, i.e. forces produced by the stresses acting on the six sides of the element.
We shall consider first the normal stress acting on the right and left faces of the element. Viscoelastic stresses (F$a) in this direction are related to the longitudinal stretching of the blood vessel with each heart beat. If this stress is uniform along the vessel, then the stresses on each end (F SO i and F S0 2) will be equal and there will be no net effect on the element. However, if a gradient of stress exists, then there will be a small net difference in the stresses on either end resulting in a net force (AF SO ) which must be balanced.
Longitudinal forces on the remaining four surfaces must be related to shearing stresses. From considerations of symmetry, we can assume that the shearing stresses on the faces of the element that are in the plane of the illustration are zero. Stresses on the remaining FsG2 Displacement (X) two surfaces, however, are not zero. The upper (endothelial) surface is subjected to the shearing stress (F VD ) of the adjacent flow. On the other hand, the lower (adventitial) surface is subjected to the shearing stress (F 8 ) of the perivascular tissues.
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To the extent that the total of the foregoing surface forces is not zero, a net force will exist that will produce an acceleration of the element. This relationship, which constitutes the "longitudinal" boundary equation necessary for solution of flow problems as outlined earlier, may be summarized by the following expression:
where F a is the inertial reactive force produced by the acceleration of the element, AFsa Circulation Rtstrcb, Vol. XIX. Dtctmitr 1966 is the force produced by a gradient of viscoelastic stress associated with a longitudinal stretching of the vessel, F FD is the force produced by the viscous drag of the blood flow, and F 8 is the force transmitted to the element by its perivascular surroundings. It is this latter force (Fs) that we wish to quantify in detail. Notice that if it is possible by appror priate experimental technique (a) to eliminate the longitudinal viscoelastic stress gradient, i.e. make AF S0 equal to zero, (b) to measure F, D directly, and (c) to measure the density and thickness of the vascular tissue as well as the longitudinal acceleration, so that F a becomes known (by computation from Newton's second law), then it is possible to solve for F s as a function of time. An experimental design by which the above conditions are met is described below under Methods. By convention (Womersley), the total "tethering force" is defined as the sum of Fg and F a . Therefore, equation 1 may be rewritten in terms of this tethering force as
since AF SU is made zero by the experimental design.
With the foregoing explanatory material we can now state our purpose in more explicit terms. It will be the object of this study to establish experimentally the relationship of the tethering force to the longitudinal displacement, motion and acceleration of the vessel segment. A mathematical model will be proposed to represent these data.
Methods

EXPERIMENTAL PROCEDURE
Longitudinal tethering was studied in situ in the thoracic aorta, abdominal aorta, and femoral artery of 23 dogs weighing 17.7 to 31.8 kg (average 25.7 kg) and anesthetized with chloralose and urethane anesthesia (about 80 and 760 mg/kg respectively). In accordance with the earlier definition, the tethering forces were quantified by continuous measurement of the longitudinal displacements applied to an isolated blood vessel segment and the resulting tunecourse of the associated forces developed. The instruments required for these measurements, as well as their relative orientation, are shown diagrammatically in Figure 2 . Following exposure of the blood vessel, the diameter was measured in the living state, and a cylindrical plastic or metal plug with a rough surface was selected which would fit snugly into the lumen of this vessel segment. The plug contained fine circumferential grooves to permit firm coupling of the plug with the lumen of the vessel. The dog was then killed. A longitudinal slit was made in the Blood vessel tethering. Typical experimental setup in the thoracic cavity. D is the displacement sensing device, S is the vessel segment, F is the force sensing device and Dr is the mechanical driver.
vessel upstream from the point of measurement, and the plug then was inserted down the lumen to the area of interest. A small tunnel was made under the vessel at either end of the plug so that sutures could be passed around the vessel segment and tied snugly into the underlying coupling grooves of the plug. At this point the vessel was cut cleanly across at either end of the plug as shown in Figure 2 . The close coupling of the rigid plug to the inner surface of the vessel splints the segment, thus preventing development of any longitudinal stress gradients. As a consequence, a viscoelastic stress gradient cannot develop during displacement of the segment (i.e. AF SO = 0), and equation 2 may be used to represent the balance of forces.
One end of the vessel segment-plug system was attached to a displacement sensing device (D in Fig. 2 ) and the other was attached by a bar containing a force-sensing device (F) to a mechanical driving mechanism (Dr). The two legs of the displacement-sensing device were mounted so that the displacement of the plug with respect to the skeleton was sensed. The skeleton in turn was tightly coupled to the operating table. The mechanical driver was capable of imposing step or sinusoidal motion of known amplitude and frequency on the plug. Thus, the force applied to the plug during various mechanical maneuvers could be sensed and recorded continuously with the associated displacement.
Three types of responses were obtained to study the over-all behavior of the system: (a) the response to step changes in displacement, (b) the transient response obtained after sudden release of the vessel segment from an arbitrary displacement (response to step change in force) and (c) response to steady-state sinusoidal displacements (0 to 22 cycles/sec). The steady-state response was studied in greater detail because of its importance in the study of the vascular system in living animals (3) .
INSTRUMENTATION
The displacement of the vessel segment was measured by electric caliper (D in Fig. 2 ). The response characteristics of the caliper have been described in detail elsewhere (4) . Briefly, the instrument consists of two foil strain gauges bonded to a thin piece of shim stock suspended between the hinged legs of a caliper. Displacement of one leg of the caliper with respect to the other results in a proportional change in electrical resistance of the strain gauge. The calibration of the instrument against known increments of displacement was linear (±2%). The dynamic response of the caliper was uniform (±5%) to 25 cycles/sec, and the mechanical impedance was low.
By mounting foil strain gauges to stiff elastic elements, a force gauge was constructed having the following response characteristics. The baseline drift was approximately 2.5 g/hour. The static calibration curve of the gauge was linear to within 2% and demonstrated insignificant hysteresis. The system gain remained stable to within 3% for periods of 2 hours. The force-displacement coefficient was 75,000 g/cm, and therefore the internal displacement of the gauge, for forces encountered during any study, was extremely small (always less than 0.1% of the vessel displacements). The dynamic response of the gauge was uniform (±5%) to at least 30 cycles/sec.
DATA PROCESSING
All data were recorded simultaneously on an FM tape system (Ampex FR 100) for future computation and on a Sanborn model 350 directwriting recorder for direct observation and analysis. All sinusoidal functions were played back from the tape records and subjected to harmonic analysis so that the impedance functions could be calculated. As explained in the Appendix, the impedance function is the complex ratio of the sinusoidal force to the corresponding sinusoidal displacement. The displacement records could be interpreted directly as the longitudinal displacement of the vessel segment (cm). However, the recorded force data requires further processing to obtain the target variable, F 1B .
First of all, the recorded force must be divided by the total endothelial surface area, since the components of equation 2 are defined as stresses or forces per unit area (g/cm 2 ). This is accomplished by dividing the recorded force by the surface area of the plug, which is assumed to be approximately the area of the endothelial surface.
Secondly, the recorded force is the sum of the target variable, F r / ) , plus the force required to balance the mechanical impedance of the measuring instruments. If one measures the mechanical impedance of the instrumentation, then it is possible to obtain F vn from the measured force by subtraction. Therefore, after each dog experiment, the instruments were assembled in exactly the same manner as shown in Figure 2 but without the blood vessel, and then the system was driven sinusoidally to obtain the necessary instrument correction data. The complex ratios of the sinusoidal force per unit surface area (F), to the corresponding displacements (X) of the plug are computed at various frequencies and then plotted as magnitude and phase vs. frequency curves. A typical instrument response curve from one experiment is shown in Figure 3 . Inspection of the physical properties of the instruments, as well as response curves such as these, suggested that Impedance vs. frequency diagram for the instrument system. \F/X\ is the magnitude and Q is the phase angle of impedance.
the mechanical behavior of the instruments could be represented realistically by the simple mass, spring and dashpot model shown as the insert in Figure 3 . The equation of motion for this model is as follows:
where M K , C K and K H represent the inertial, frictional, and elastic coefficients of the instrument model, X and X represent the acceleration and velocity of the system. The experimental data were fitted to this model using a least square fitting procedure on a digital computer to obtain numerical values for the instrument parameters (5; to be documented with N.I.H. Program Library). The accuracy with which this model can be made to simulate actual behavior of the instruments can be seen from the fitted curve in Figure 3 . The average absolute deviation of data CircuUlum Rtiurcb, Vol. XIX, Dtctmbtr 1966 from the computed curve was 1.3%. The values for M R , C H and K R (per unit surface area of the plug) for this particular experiment, were 1.680 X 10-3 g-seeVcm 8 , 0.009 g-sec/cm 3 , and 0.568 g/cm 3 respectively.
Results and Discussion
Typical raw data obtained from one experiment are shown in Figure 4 . Certain points are immediately obvious on inspection: (a) Sinusoidal displacement results in a sinusoidal force response ( Fig. 4A and B) suggesting a linear type of system response; at low frequencies (Fig. 4A) , the force and displacement curves are very nearly in phase, indicating that one of the dominant tethering properties of the system is elastic, (b) The step response ( Fig. 4C ) illustrates another property of the system, i.e. the stress relaxation phenomenon. (c) The transient response (Fig. 4D) shows a damped sinusoid superimposed on a decaying exponential function (creep phenomenon).
In view of the importance of linearity in any theoretical consideration of the vascular system, it is important to pursue the foregoing observations in greater detail. A system may be considered linear if it can be demonstrated that the dynamic response curve is independent of the amplitude of the driving function. A convincing demonstration of this principle is to show that the impedance vs. frequency relationship remains independent of the displacement amplitude. This property was tested in four animal preparations. Four experimental runs were made in each animal, with displacement held approximately constant at 0.5 mm, 1 mm, 1.5 mm and back to 0.5 mm. Typical results are shown in Figure 5 . Ignore the solid curve for the present. It can be seen that both the magnitude and the phase response for various displacements are virtually superimposed. This is strong evidence for linearity. Experiments like that shown in Figure 5 could be repeated as much as 30 min later with the same degree of repeatability; the preparation was thus reasonably stable.
For purposes of data analysis it is necessary to postulate a temporary mathematical model which can be used both as a device for data analysis and as a starting point for future 
-lo
Typical experimental data obtained from a dog. F is force per unit surface area of the plug (g/cm 1 ) and X is the displacement (cm). Note that the time scale for A and C is different from that for B and D. refinement leading to an acceptable final model. Inspection of the raw data shown in Figure 4 and the impedance data in Figure 5 suggests that the system under consideration is quite linear and has inertial, elastic, and frictional properties in addition to the timedependent stress relaxation phenomenon. The simplest linear mechanical model which will be able to simulate the foregoing observations is shown diagrammatically at the top left of Figure 5 and in equation form as follows:
The instrument-vessel system is assumed to consist of two elastic components represented in the model by the two springs having the spring constants, K and K 2 ; two frictional components represented by the two dashpots having the damping coefficients, C and d>; and a lumped inertial component having the mass M, Y and Y are internal displacement and velocity of the spring K 2 . The spring constant K represents the sum of the static elastic coefficient (K r ) for the vessel tethering plus the spring constant (K R ) for the instrument which is obtained from computation of the instrument parameters as described earlier. Therefore, K = ^ + K K . Similarly the dashpot coefficient, C, represents the frictional resistance of the tethering system (Ci) plus that of the instrument (C«). Therefore, C = C x + C«. The coefficient M represents the effective mass of the instrument (M R ), plus the mass of the vessel wall (M v ), plus the lumped mass (M A ) of any perivascular tissue coupled to the wall. Therefore, M = M V + M A + M R . The necessity for the term M A was anticipated by Womersley and is identical to his so-called "added mass" (1, 2) . The series coupled spring, K 2 , and dashpost, C 2 , represent the stress relaxation and added "dynamic" component of the tethering elasticity.
Equation 4 may be fitted to the measured force per unit surface area of the plug (F) and displacement (X) data to obtain numerical values for M, C, C^, K and K 2 . When one has steady-state, sinusoidal data computed in impedance form as shown in Figure 5 , the simplest approach is to transform the steadystate solution of equation 4 into the impedance form as described in the Appendix (equation Impedance vs. frequency diagram for an experiment. \F/X\ is the magnitude and 0 is the phase angle of impedance. Four experimental runs from the same dog, using displacements of approximately 0.5, 1, 1.5, and 0.5 mm respectively, as indicated by the symbol key in the lower right corner, are plotted together with the computed curve.
brary) these solutions were fitted to impedance magnitude |F/-^| and phase (6) data, as shown in Figure 5 , for all of the animals studied. The solid curve in Figure 5 is the "best fit" of equation 5 to these particular data.
It can be seen that the model simulates the observed behavior remarkably well. The average absolute deviation of data from the computed curve was 6.5% for this experiment, and 9.3% was the mean value for all nine experiments.
One is now in a position to calculate the individual tethering parameters of the vessel. The values of the instrument parameters (M R , C R , and K R ) which were obtained by fitting equation 8 to the instrument response data shown in Figure 3 , can be subtracted from the Using this approach, the individual tethering coefficients were computed for the descending thoracic aorta of nine different animals. The data for these experiments appear in Table 1 . A diagram of the model appears as an insert in this table for convenience in the physical interpretation of the parameters. The values for My entered in this table were obtained directly by weighing the excised vessel segment at the end of the experiment and dividing this weight by the surface area of the plug and the acceleration of gravity. The amount of "added" tissue consisted of short stubs of intercostal arteries, immediately adjacent parietal pleura, and a somewhat variable amount of retroaortic areolar tissue. To obtain an estimate of the value of the vessel mass itself (Mr) attempts were made to exclude as much of this extra tissue as possible before weighing. The mean value of Mp was 0.132 X 10-s (g-secrVcm 3 ). Thus the mean value for "added mass," M A , was 0.311 X 10" 3 (g-sec 2 /cm 3 ). This is roughly 236% of the vessel mass. 1 When the average values of the parameters in Table 1 are substituted into equation 5, it is possible to compute the impedance magnitude and phase vs. frequency curves for the isolated vessel segment without its associated instrumentation (i.e. with M R = C R -K R -0). A plot of these relationships appears in Figure 6 , A through F, as solid circles. This is the dynamic behavior of the longitudinal boundary equation for the blood vessel that should be used with the equations of motion for blood flow as mentioned earlier. At zero frequency the impedance of the complete model consists only of the spring constant K y .
The impedance rises very rapidly below 1 cycle/sec; it then decreases slightly to a minimum at about 25 cycles/sec, and then gradually rises. The simplicity of the shape of this curve suggests that it might equally well be represented by models simpler than the complete model shown at the top of Figure 6 . Thus, it will be of interest now to consider the question of relative importance of the individual parameters in Table 1 to the observed vessel behavior.
In Figure 6A , the complete model representing the actual vessel behavior is compared to Womersley's model (1, 2) as shown by the insert. Womersley assumed that the tethering of the vessel consisted simply of an elastic component and an inertial component without friction. Although he did not consider the question of static and dynamic elasticity, presumably he would have chosen the dynamic elasticity for his spring constant ILL (Ki + K 2 ). His mass was the same as the mass quantities described above (M r + M A ). If we substitute the values for the mass and dynamic spring constant from Table 1 into Womersley's model, setting the remaining parameters to zero, and then compute its dynamic response characteristics, it will look like the curve shown by the triangles in Figure 6A . It can be seen that the magnitude of the impedance decreases to zero at resonance, around 26 cycles/sec, and then rises monotonically thereafter. The phase angle remains at zero until resonance, at which time it immediately becomes 180 degrees. Clearly, this simplified model does not simulate the actual vessel behavior. Therefore, it will be necessary to reevaluate those aspects of Womersley's mathematical theory which depend upon this particular longitudinal boundary equation.
Turning attention now to the initial portion comes into play at a very low frequency suggesting that the two springs tend to act in parallel throughout the physiologic ranges of frequencies.
To test this hypothesis we may set the dashpot C 2 at infinity, which in effect rigidly couples the spring K2 to the mass. The two springs may then be replaced by a single spring whose spring constant is equal to the sum of Kx + K 2 . If this is done, the dynamic behavior of the system will look like the curve represented by the triangles in Figure  6B . Note that for frequencies greater than 1 cycle/sec the two curves are indistinguishable. Figures 6C through 6F represent response curves when various remaining parameters are varied as shown by the corresponding inserts; altering these parameters radically changes the dynamic response characteristics of the model. Clearly, over a broad frequency range, the only simplification that appears admissible is to lump the two springs (Ki and Kn) as was done in Figure 6B . However, if one restricts interest only to the frequency range between 1 and 6 cycles/sec, then it can be seen that Ki and K 2 acting in parallel dominate the dynamic response of the complete model, in almost all cases.
With this in mind, the tethering of vessels at other sites was investigated to see if tethering varied significantly along the aortic tree. The large bulk of the driver element, the end of which is shown in Figure 2 as Dr, precluded the use of this instrument in either the abdominal cavity or pelvic region. However, vvhen it was replaced by the experimenter's hand it was possible to install the instrumentation at these other two sites essentially as shown in Figure 2 . Sinusoidal motions were created manually as smoothly as possible over a frequency range of 1 to 6 cycles/sec. The simple ratios of peak-to-nadir values for force to displacement were calculated for the abdominal aorta and the femoral artery and showed no significant trend with frequency over this limited frequency range. Therefore CircUlio* Rtiarcb, Vol. XIX, Dtctmbf 1966 this behavior is consistent with the findings for the descending thoracic aorta shown in Figure 6 . The K t + K-> values (g/cm 8 ) are 70±8 SE for the abdominal aorta (14 dogs) and 878 ± 176 for the femoral artery (8 dogs); values for the thoracic aorta were 12 ± 1.1 (9 dogs). It can be seen that the dynamic tethering spring constant increases very rapidly as one progresses along the aorta. Therefore the more peripheral vessels, like the femoral artery, may be considered almost completely tethered. 3. For the simplified models in Figure 6 , the following modifications were required in equation 5: For Womersley's model shown in Figure 6A , set M = M v + M A) C = Ci = 0, C 2 = oo and K = K t .
For Figure 6B , set M = M v + M A , C = C,, C 2 = x and K = K,.
For Figure 6C , set M = 0, C = C, and K = Kj.
For Figure 6D , set M = 0, C = d , C 2 = » For Figure 6E , set M = M v , C = C, and K = K t .
For Figure 6F , set M = M v , C = C, C, = oo and K = Kj.
